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The dimensionality of diffusion may markedly affect the rate and economy of diffusion controlled reactions. Moreover, 
the degree of dependence of the steady state rate of these reactions on the concentration of each of the two reacting 
species is also dictated by the dimensional&y and it ranges from linear dependence in the three dimensional case to a nearly 
square dependence in the one dimensional case. These theoretical observations emerge from a direct analysis of the steady 
state diffusion controlled rates which are derived here using a simple straightforward approach. This approach is based on 
the conjecture that in the steady state the rate of dinusional encouriters between the two reaction partners equals to the 
sum of the encounter rates of two independent processes which are obtained by alternately immobilizing one of the reac- 
tion partners while the other partner diffuses freely. Unlike Smoluchowski’s classicaI approach, the presented point of view 
permits to obtain in a unified fashion reaction rates for all dimensionalities. 

1. Introduction 

Smoluchowski, in his now classical work on diffu- 
sion controlled reactions [ I], derived the steady state 
rate of reactions that proceed in solution_ For two 

reacting species A and B that have diffusion coeffi- 
cientsDA and D, and that are present in concentra- 
tions CA and C,, he obtained that the rate at which 
they react in the diffusion controlled limit equals: 

* = CA CB47iSa(DA + _DB), (1) 

where a denotes the encounter radius which is, in this 
case, the relative separation that the reaction partners 
have to achieve in order to react, and 1V is Avogadro’s 
number. To derive eq. (l), Smoluchowski visualized 
the dynamics of the diffusional encounters in the 
real solution to be equivalent to that observed in an 
imaginary system in which one of the reaction partners 
is immobilized and the other is diffusing freely with 
an increased diffusion coefficient which is exactly the 
sum DA + &_ In this picture the immobilized reactant 
is acting as a sink to the diffusing one, and the reaction 
rate is then defined as the steady state flux of diffusing 
particles into the immobilized particles_ The justifica- 

tion for using here the sum of the diffusion coefficients 

as the diffusion coefficient for the diffusing reactant is 
based on the observation that, in general, the relative 
distance between two diffusing particles obeys the 
same distribution function (in time and space) as du 
their individual displacements but the former is govern- 
ed by the sum of the diffusion coefficients. (See also 

PI -) 
Although this observation is true for the case of a pair 

of diffusing particles, its use as an argument for the above 
case is not immediately justified since this case invoIves 
many uncorrelated diffusing particles and not just a 
single pair (see comments on this point in [3] ). Further- 
more, when one attempts to generalize Smoluchowski’s 
analysis to cases where diffusion proceeds in two or 
in one rather than in three dimensions, one soon en- 
counters severe conceptual difficulties_ From such an 
analysis it turns out, for example, that the reaction rate 
is crucially dependent on what in the three dimensional 
case appeared to be an arbitrary choice, namely, which 
reaction partner is to be immobilized in the imaginary 
analogue system. 

Recently there has been a growing interest in bio- 
chemical reactions which are confined to reduced dimen- 
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siona!ities. Accumulating experimental evidence sug- 
gests that the rates of various of such biochemical en- 
counter processes are subject to diffusion control. 
These processes are, for example, the binding between 
the hormone receptor and the adenylate-cylase in the 
turkey erythrocyte membrane [4,5J, the aggregation 
phenomena @etch formation) on lymphocyte mem- 
branes [6,7] or the guided one dimensional diffusion 
along a DNA molecule during the process of repressor 
operator association [8] _ The interpretation of such ex- 
perimental observations requires an extention of 
Smoluchowski’s analysis to cases where the dimension- 
ality of the space in which diffusion proceeds may be 
lower than three. Therefore, in the following we pre- 
sent an analysis of the steady state rate of diffusion 
controlled reactions when these reactions proceed 
either in three dimensions (in solution) or in two di- 
mensions (on/in a membrane) or in one dimension 
(along a molecule)_ Due to the fact that our point of 
view of the process is slightly different than that adopt- 
ed by Smohrchowski, we can obtain here the steady 
state rate in a simple manner for any dimensionality. 
Moreover, we believe that our picture p;ovides an in- 
tuitive basis for the understanding of the dynamics oi 
diffusional encounters_ it should be mentioned that we 
deal here with processes which are strictly either one 
or two or three dimensional and hence we do not 
examine cases in which diffusion proceeds simultan- 
eously in combined dimensionality, e.g., diffusion in 
solution + absorption and diffusion on a surface (see 
[9] and references therein)_ Also, the transient beha- 
vior of these reactions (e.g., [IO] ) is beyond the scope 
of this work. 

2. Encounter dynamics of diffusing reactants 

Imagine now a picture in which particles of type 
A and 3 are moving randomly and exerting no long- 
range forces on each other. If we now make the B 
particles immobilized and examine the mean time, rA, 
it takes a diffusing A particle to fmd an immobilized 
B particle we immediately realize that this time can 
be considerably different than the mean time, rB, it 
would have taken a diffusing B particle to locate an 
immoblized A particle. This difference in the mean 
times originates from the fact that the two encounter 
partners may have a different diffusion coefficient 

and hence diffuse the same distance in a different 
pace. In addition, as we shah explicitly show later, the 
actual mean net diffusion distance may be different 
for the above two cases because of differences in 
concentrations. Our aim in the following is to show 
that the steady state diffusion controlled rate can be 
expressed in a general form as: 

@= C,/rA + CB/ig. (2) 

Notice the essential basic symmetry of eq. (2) with 
respect to the behaviour of the two reacting species. 
This equation, however, yields Smoluchowski result 
(eq_ (1)) for the case of diffusion in three dimensions. 

A hint that a symmetric relation of the type given 
by eq. (2) characterizes a kinetic of diffusional en- 
counters may already be present in the nature of the 
diffusion process. Since the movements of individual 
particles are mutually independent, it is reasonable 
to expect that the process in which two particles 
accidentally meet can be expressed as the sum of two 
independent processes - the diffusion of B particles 
while the A particles are immobilized, and the diffu- 
sion of A particles while the B particles are immobilized. 
To put this explanation in mathematical terms we shall 
consider now the probability to find a particle in a 
given point x, where x belongs to the available diffu- 
sion space. Let us denote by PA(x) the unnormalized 
probability that at a given small time interval, At, an 
A particle is located at a point x, and let us denote by 
PB(x) this same probability for a B particle. Notice 
that here the “point” x is actually a small sphere 
whose radius is the encounter radius a. Since the move- 
ments of the particles are mutually independent at 
separations greater than the encounter radius, the 
probability for an encounter between A and B at a 
point x and a time interval At is simply given by the 
product PA(x)PB(x). Consequently, the time deriv- 
ative of this product averaged over the total space of 
the system would yield the rate of the reaction at time 
t_ Hence: 

@ = WAYI ~~dP_&)pB(x)J ldt3dV, (3) 
V 

where V is the total diffusion space. Since @ is given 
in units of concentrationfsec we have divided on the 
right by Avogadro’s number. If we now calculate the 
time derivative in eq. (3) we obtain: 
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~6 = U/NV) UP&) dPB(xW 
V 

+PB(x) dP*(x)/dt] dl’_ (4) 

in order to calculate the time derivative of the prob- 

abilities as is required by eq. (4), we must use addi- 
tional theoretical observations about the process to 
the analysis_ 

Consider the fact that in the absence of a chem- 
ical reaction, the probability to find an A or a B 
particle in a given point is time independent, and 
consider further that the changes with time of these 
probabilities are due to encounters between the reac- 
tants. Using these considerations it becomes apparent 
that the rate of change of PA(x) is equal to the rate 
at which a B particle reaches the point x and reacts 
with the A there. Likewise, the rate of change of 
Pu(x) is equal to the rate at which an A particle 
reaches x and reacts with the B there. We can easily 
derive this rate for the case denoted as steady state 
diffusion. In this case one assumes that the encounter 
rate between the immobilized and the free particles is 
such as if the latter has constructed a steady state con- 
centration gradient surrounding the former. For this 
case we can show that 

*u(x)ldt = 1 /rA, dPA(x)/dt = 1 /Q (50) 

where, as we have mentioned, 5A is the mean diffu- 
sion time for an A particle to fiid a B particle when 

the latter is immobilized at the point x and ru is the 
mean time in the case where B particles search for 
immobilized A particles. Since the mean diffusion 
times of eqs. (5) are calculated by assuming that the 
immobilized reaction partner is uniformly distributed 
in space (as we shall further discuss in the following), 
we can now easily integrate eq. (4), taking rA and rB 
as constants_ Consequently, since from our definition 

(l/~V_fv~A(x)d~= CA and (l/NV)_fv~&)d”= c,, 
we arrive at eq. (2). 

To further clarify the validity of eq. (5), let us 
recollect the relation between the mean diffusion 
time and the steady state flux. As it was shown [ 111, this 
diffusion time, which describes the be,haviour of indivi- 
dual particles and hence is independent of the concentra- 
tion of these particles, can be extracted from the steady- 
state diffusion problem. This mean time is equal to 

the hold-up of the system, divided by the flux in the 
steady-state. This obse_wation immediately brings us 
to recognize that eq. (4) and consequently eq. (2), 

are in fact stating that the steedy-state reaction rate is 
given as the sum of the flux of diffusing A particles 
into immobilized B particles ( the first term of eq. 
(2)) and the flux of diffusing B particles into immobil- 
ized A particles. However, we prefer to look at this re- 
action rate in terms of mean diffusion times rather 
than in terms of fluxes, since the latter picture may 
become conceptually difficult to conceive for cases 
where concentrations of A and B are substantially dif- 
ferent. This is because, in such cases, one would have 
to consider the flux of very few particles into numer- 
ous sinks. 

3. Reaction rate calculation 

We will now calculate with the help of eq. (2) the 
diffusion controlled reaction rates in three, two and one 
dimensions. For this purpose we have to introduce the 
explicit form of rA and ru for each case of interest_ 
Since the diffusion problem in hand is in fact the 
problem cf diffusion to small sinks, we can use here the 
mean diffusion times calculated for this case [ 12,13]_ 

Consider particles that are geleased from the bound- 
aries of a closed cell and diffuse freely until they are 
captured by a sink located at the center of this cell. 
If we denote by o the radius of the cell and by Q the 
radius of the sink, it can be shown that for cases 
where b Z+ a, the mean diffusion times to the sink in 
the cases of three, TWO and one dimensional diffusion 
are 

3D 

2D 

ID 

Not 

12,131 

‘i- = b 3 /3Da, (ha) 

7 = (b2/W)ln (b/a), (6b) 

r = b2/2D. (6~) 

:e the markedly strong dimensionality dependence 
of these diffusion times [ 12]_ In cases where the dif- 
fusion distance is not much greater than the sink 
radius a, the mean diffusion time assumes a slightly 
more complicated form [ 13]_ If we further consider 
a case where the particles are released not from the 
boundary of the cell, but rather, that they are released 
from some arbitrary point in between the wall and the 
sink, -we obtain 1131 that in the three and two dimen- 
sional cases 7 remains practically unmodified, wlhile in 
the one dimensional case (eq. (6~)) it has to be re- 
placed by r = x&!b - x0)/W where -x0 is the distance 
between the release point and the sink at the origin. 
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Reaction Rate 27 {DA/ ln t (-rrNCsr 
.-I2/a3 

=A =B 
47~0 [ D1, + DBI 

+ Dg/ In t [TNCA)-“~/CII) 
DACB+ DeCA 

Fig_ 1. The steady-state rate of diffusion controlled reaction in three, two and one dimensions. The reaction partners have dif- 
fusion wefficients DA and Dg and are present at averas concentrations CA and CB. a denotes the separation they have to achieve 
in order to react and IV is Avogadro’s number. Notice that the reaction “rate constant” is a true constant only in the case of reac- 
tion in three dimensions. In the other two cases it becomes concentration dependent. (To simplify the presentation we have divided 
the three and the two dimensional rates by N, and the one dimensiona rate by 8@.) 

if we now return to the derivation of the mean 

times rA and TB, we are confronted with the problem 

to defme ZI of eq. (6). For this purpose we visualize 
that the array of uniformly distributed immobilized 
particles (sinks) divides the diffusion space into 
imaginary cells. The radius of each such a cell is 
proportional to the concentration of the sinks and 
there is one sink located at the center of each cell. 
This “closed cell” approach is based on the observa- 
tion that if a diffusing particle crosses the cell boun- 
dary, it enters into a neighboring ceU. at a point that 
is equivalent to the one it left in the first cell (see 
[14] for a discussion), and hence for our purposes the 
boundary crossing is unnoticeable. 

3.1. 27zree dimensions 

We shall use the above considerations to calculate 
rA and 73 for the case of three dimensional diffusion_ 
If we designate by bA and bB the diffusion distance 
in cases where B and A, respectively, serve as the sink 
and further measure the concentration in units of 

mol/cm3,-we obtain b in cm as 

(471/3)bi = I/NC By (4~/3)bs = 1 /NC, _ (7a,b) 

These relations yield for the mean diffusion time of 

eq. @a3 

7A = (4flx@*)-~, r3 = (~z~VL~C’~D~)-~ _(8a,b) 

We can now calculate with the help of these relations 
and eq. (2) @ as 

* = 4ti%cCA CBoA + 4zi%CA CBa _ (93 

Eq. (9) is identical to the Smoluchowski rate given by 

eq- (I)- 

3.2. TM dimensions 

For the case of two dimensional diffusion we have 

;irb; = l/AK& z-b; = l/iVCA_ Ukb3 

Notice that in this case the concentrations are mea- 
sured in units of molfcm2. We can now calculate from 
eq. (6b) the mean diffusion times as 

7~ = (2~iVCBDA)-1~ [(nNCB)-lD/a], UJa3 

rB = (2i~NC~D&~ln [(7i-iVCA)-1i2/a]. (1 lb3 

These relations, together with eq. (23, yield for the 
rate of diffusion controlled reaction in two dimensions 

@ = 2flCACB {DA/in [(ti-NCB)-1/2/a] 

+DB/ln[(nNCA)-3/2/a1}- 023 

In cases where the reactants concentration CA and 
CB differ by no more than an order of magnitude the 
two logarithmic terns in eq. (12) may be assumed 
equal and with this approximation, eq. (12) can now 
be simplified to 



+ = 2iiiVCACB(DA -I- D&h [(iiM’)-1’2/a], (124 

where C assumes some value between C, and Cu. 

3.3. One dimension 

Finally, for the case of one dimensional diffusion 
in which the concentrations of the reactants are given 
in mol/cm, we obtain 

b, = 1/2ivCB, b, = 1/2NCA_ (13a,b) 

These relations together with eq. (6~) and (2) yield 
for the reaction rate 

@ = c3N2CACB(DACB •t DBCA)_ (14) 

For this case, if we assume that the diffusing particles 
are released at a random location in the cell, we have 
to substitute eq. (6~) by T = b2 j30, and hence will 
multiply eq. (14) by a factor of 1.5. 

As is suggested by eqs. (12) and (14), in two and in 
one dimensional diffusion, in cases where DA and 
D, are of about the same order of magnitude but the 
concentration of one of the encounter partners great- 
ly exceeds that of the other partner, then those terms 
in these equations which contain the diffusion coeff- 
cient of the more abundant species are eliminated. 
Consequently, in such cases the contribution of these 
abundant particles to the reaction rate is as if they 
are practically immobilized sinks. 

4. Conclusion 

The results presented here, which are summarized in 
fig. 1, support the conjecture that the reduction of di- 

mensionality increases the speed and economy of dif- 
fusion controlled reactions, as was originally suggested 
in [12]. In addition, the concentration dependence of 
the reaction is altered, and the reaction obtains an 
increased sensitivity to concentration changes as the 
dimensionality of diffusion decreases_ These points, 
together with other aspects of the diffusion process as 
it occurs in living organisms, are discussed in detail 
elsewhere [13]_ 
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